This paper concerns the evaluation of the hydrodynamic permeability of a membrane built up by non-homogeneous porous cylindrical particles using four known boundary conditions, such as Happel's, Kuwabara's, Kvashnin's, Mehta-Morse/Cunningham's. For different values of flow parameters, the variations of the hydrodynamic permeability are presented graphically and discussed. Some earlier results reported for the drag force and the hydrodynamic permeability, have been verified.
INTRODUCTION
Flow through a porous medium has been a most interesting topic for researchers due to its numerous applications in various fields of sciences and engineering, particularly in chemical engineering, petroleum reservoirs, membrane technology, etc. Nield and Bejan [1] gave various models for describing fluid flow through porous medium in their celebrated book 'Convections in Porous Media'. In 1856, Henri Darcy proposed an empirical law, which states that the rate of fluid flow through a porous medium is proportional to the pressure drop through a bed of fine particles. Mathematically, the Darcy law can be expressed in the form: (1) where, is the viscosity of the fluid, is the velocity of the fluid, is the pressure and is the permeability of the porous medium.
In 1947, Brinkman [2] proposed a modification of the Darcy law by adding the effective viscosity term in the equation. Therefore, the Brinkman equation for the flow in porous medium is expressed in the following mathematical form: (2) where, is the effective viscosity of the fluid in the porous medium.
Happel [3] proposed a cell model in which cylindrical/spherical particles are enveloped by the same geometric configurations. Happel model assumes the uniform radial velocity condition and zero tangential stress at the outer cell surface, whereas, Kuwabara [4] proposed nil vorticity on the outer cell surface, instead of the vanishing tangential stress. Kvashnin [5] model assumes the symmetry of the flow and used the extremum condition for tangential velocity on the outer cell surface. Mehta-Morse [6] /Cunningham [7] model suggests, uniform velocity condition on the outer cell surface. Details about these cell models is discussed in the celebrated book titled 'Low Reynolds Number Hydrodynamics' by Happel and Brenner [8] .
Deo [9] studied the Stokes flow past a swarm of porous circular cylinders with Happel and Kuwabara boundary conditions and obtained the drag force experienced by a porous cylinder in a cell. Vasin and Filippov [10] studied the hydrodynamic permeability for impenetrable cylindrical particles covered with a porous layer and evaluated the theoretical values of Kozeny constants. The drag force and the hydrodynamic permeability for the slow viscous flow through an aggregate of concentric clusters of porous cylindrical particles by applying Happel boundary condition were evaluated by Deo et al. [11] . The hydrodynamic permeability of aggregates of porous cylindrical particles with impermeable core for various cell models and impact of the jump shear stress at the fluid-membrane interface were investigated by Deo et al. [12] . The analysis of the hydrodynamic permeability for the viscous fluid flow in the porous medium formed by cylindrical fibers was discussed by Vasin et al. [13] and the solution of Brinkman equation for radially varying (1) (1)
permeability in the cylindrical polar coordinates was obtained by Mishra and Panday [14] .
Yadav [15] investigated the drag coefficient and hydrodynamic permeability for the case of the slow motion of a porous cylindrical shell in a concentric cylindrical cavity using cell models and discussed graphically. The variation of hydrodynamic permeability of biporous medium with viscosity ratio, Brinkman constant and solid fraction, in which porous cylindrical particles embedded in another porous medium by using cell model technique for four known boundary conditions studied by Yadav et al. [16] . Sherief et al. [17] were investigated the drag force for the modified Happel boundary conditions and velocity profile for two-dimensional quasi-steady micropolar fluid flow between two coaxial cylinders. Fluid flow in the fractal layer is investigated by Vasin and Kharitonova [18] using the Brinkman equation, on considering that the viscosity of the effective medium varies from the viscosity of the pure liquid. Velocity and pressure distributions have been calculated, and the viscous drag force applied to the capsule has been obtained. Deo et al. [19] obtained the general stream function solution of the Brinkman equation in the cylindrical polar coordinates. The flow in composite porous cylindrical channel of variable permeability for uniform flow in porous medium was studied by Verma and Singh [20] . Recently, effect of various parameters for the flow of a steady incompressible viscous fluid flow through a non-homogeneous porous medium for variable permeability by using the Darcy equation discussed by Yadav [21] . Some earlier results reported for the drag force and the hydrodynamic permeability, have been verified. It is necessary to mention that a similar problem for partly porous cylinders and jump of tangential stresses on the porous-liquid interface was considered by Vasin [22] . He accounted for radial varying Brinkman constant which is equal to the ratio of the liquid viscosity and specific permeability of a porous medium.
The aim of this work is to obtain explicit algebraic formulas for calculating the hydrodynamic permeability, when the structure of the initial membrane can be significantly changed by dissolving the surfaces of the constituent grains and fibers (loosening) or adsorption of polymers (contamination). Both described processes lead to the formation of porous structures with radially variable permeability on the surface of the grains or fibers that make up the membrane. When loosening the fiber surfaces, the permeability of the membrane increases by increasing its porosity; and, as a rule, selectivity decreases. In contrast, when the membrane is contaminated, porosity decreases and, as a rule, selectivity increases.
In this work, the flow outside the porous medium is governed by Stokes equation, whereas, the flow through non-homogeneous porous medium is described by the Brinkman equation, in which the permeability varies radially by the power law. The hydrodynamic permeability of a membrane built up by non-homogeneous porous cylindrical particles using four known boundary conditions of the cell models, such as Happel's, Kuwabara's, Kvashnin's, Mehta-Morse/Cunningham's is investigated. There are no convincing physical arguments in favor of some or other model in the published literature. Moreover, for the case of flow in the flat slit (the limiting case of particles with infinite radius), in the center of slit that corresponds to the cell surface, boundary conditions corresponding to all cell models are fulfilled. The same is observed in the flow of viscous fluid along the axes of the system of parallel cylinders [10] . So, in this work, we consider all four models. Any of these models can be used to calculate the hydrodynamic permeability of fiber membranes with an ordered structure. Moreover, the first three models give slightly different results. For different values of flow parameters, the variations of the hydrodynamic permeability for non-homogeneous porous medium are presented graphically and discussed.
MATHEMATICAL FORMULATION AND SOLUTION OF THE PROBLEM
Let us consider the steady, incompressible viscous fluid flowing with uniform velocity through an assemblage of porous cylindrical particles of radius , perpendicular to the axes of parallel cylinders (z-axis). Therefore, this assemblage of porous cylindrical particles with radially varying permeability is hydrodynamically equivalent to a membrane. Further, it is assumed that each non-homogeneous porous cylindrical particle is enveloped by a concentric hypothetical cell of radius ( Fig. 1 ). The radius of the hypothetical cell is so chosen that the particle volume fraction of the swarm is equal to the particle volume fraction of the cell, i.e. 
where, is the specific permeability coefficient of non-homogenous porous region which is taken to be
varying radially. In general, the relation between and depends on the nature of porous media. Here, for simplicity, we assume that . The flow outside the non-homogeneous porous region II is governed by the Stokes equation together with continuity condition, respectively as:
Let us introduce the following dimensionless variables and parameters: (8) where, is the specific permeability on the outer boundary of the porous cylinder. Accordingly, the parameter characterizes the filtration resistance when crossing the porous cylinder boundary. Therefore, the above governing equations in the non-dimensional form are become as follows.
For porous medium region ,
Assume that the permeability of the non-homogeneous porous medium varies radially as , because the outer layers of the cylinder dissolve usually better than the inner ones and form more permeable porous structures. Then equations (9) and (10) become:
For outside porous region (13) 
Equations (11)-(12) in the cylindrical polar coordinates can be written as:
with equation of continuity
Similarly, the above equations (13)-(14) will become as 2 0
, 
with the equation of continuity (20) On solving equations (15)- (20) using method of separation of variables by assuming (21) and (22) we obtain analogous formulas as in [22] ,
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where and are arbitrary constants. These constants can be determined by applying the following suitable boundary conditions:
At :
Here, is a viscous stress tensor in the appropriate region.
(37) Happel boundary condition: 
CALCULATION OF DRAG FORCE
The drag force experienced by the porous cylinder is evaluated by using the formula:
where dimensionless force looks like, 
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DISCUSSION AND CONCLUSION
The natural logarithm of the dimensionless hydrodynamic permeability is depends upon the parameters and . The hydrodynamic permeability decreases with increasing particle volume fraction for inhomogeneous porous medium for all the four cell models (Happel, Kuwabara, Kvashnin and Cunningham) as shown in Fig. 2 . This result is like that in case of the homogeneous porous medium for all the four cell models [12] . For higher values of the Mehta-Morse model slightly deviates with other models which are almost indistinguishable. Thus, is more inf luenced by particle volume fraction for Happel model and least influenced for Mehta-Morse/Cunningham model. Here, the hydrodynamic permeability tends to infinite when particle volume fraction tends to zero, i.e. no resistance in the fluid medium. Figure 3 shows that the hydrodynamic permeability decreases with increasing the value of m. In other words, the hydrodynamic permeability of the membrane is higher for the higher value of the permeability coefficient k 0 for all cell models in the considered case of inhomogeneous porous medium. This result coincides with the homogeneous porous medium [10, 11] as well as with the inhomogeneous porous medium [22] for all the four cell models. For Happel's model the hydrodynamic permeability is highest, whereas for Mehta-Morse/Cunningham model, it is lowest. For Cunningham's model, the decaying is most rapid as compare to the other models It is necessary to mention that in contrast to work [22] we derived here exact analytical formulas (54)-(57) for direct calculation of the hydrodynamic permeability of a fibrous membrane treated as a swarm of parallel porous cylinders. It should also be noted that a similar problem for a radially variable effective viscosity was investigated in [23] in the case of a jump in the shear stresses on the interphase surface of a porous particle-pure fluid when flowing parallel to the axis of the cylinders. That model is more suitable for superhydrophobic surfaces. Recently, Ryzhikh and Filippov [24] dealt with another close problem for a swarm of partly porous spherical particles with radially variable viscosity , where . All the mentioned models showed qualitatively similar results for the membrane permeability. 4  2  2 2  2  1  3  13  1  3 c  m  m   4  2  4  2  1  3  2  4  2  4  3  2  4  4  1  3  4  4  2  4  2  3  1  2  4  2  4  2  3 =   4  2  4  2  1  3  2  4  2  4  3  2  4  4  1  3  4  4  2  4  2  3  1  2  4  2  4  2  3  4  2  4  3 4(1 γ ) ( 1 ln γ) α ( γ ( 8 ) 4  2  4  2  3  3  2  4  2  4  3  2  4  4  1  3  4  4  2  4  2  3  1  2  2  4  4  2  3  4  2 6  1  3  4  2  2  4  2  3  4  2  4  4  3  1  3  4  4  2  4  2  3  1  2  4  2  4  2  3  4 +   2  4 2  2  2  4  2   2  2  2  2  3  2  2  2  3  2  22  4  4  1  3  2 2  4  3  4 22 2 2  4 2  2  2  3  4  2  2  2  2  3  2  2  2  2  3  2  22  4  4  1  3  2 2  4  3  4 22 2 2  4 2  2  2  4  2  4  2  2  2  2  3  2  2  2  3  2  22  4  4  1  3  2 2  4  3  4 22 2 
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